In this paper we investigate the asymptotic behavior of solutions of a class of discontinuous parabolic partial differential equations with nonlocal initial condition of integral type. Some sufficient conditions are discussed. Our technique is based on the maximum principle and the Green's function for linear parabolic partial differential equations.
Introduction
C 2 1 (Q T ) (see [12] ) denotes the set of functions u continuous on Q T together with their derivatives
Our objective is to investigate the behavior of solutions of the following parabolic problem with a nonlocal initial condition
where f : Q T × R → R is not necessarily continuous, but is such that for every fixed u ∈ R the function (x, t) → f (x, t, u) is continuous and u → f (x, t, u) is of bounded variations over compact interval in R and nondecreasing, and k : Q T × R → R is continuous. The existence of solutions of the following problem with discontinuous right-hand side
was investigated by several authors, see for instance [8] [19] , [20] , [21] . Let
is the most general upper semicontinuous multifunction with closed convex values in R. For complete details on multivalued maps see the books [1] , [2] , [10] , and [14] . Usually, one seeks solutions of (1) as solutions of
We refer the interested reader to [3] , [4] , [5] , [6] , and the references therein, for sufficient conditions that guarantee the existence of at least one solution of problem (2) for several classes of multivalued right-hand sides. Parabolic problems with nonlocal conditions of integral type appear in the modeling of concrete problems, such as heat conduction [7] , [15] , [17] , and in thermoelasticity [9] . In this paper we are interested in the behavior of solutions of (1).
Our work complementes the work [11] , which deals with the case of parabolic equations with continuous nonlinearities.
We shall assume throughout this paper that L is a strongly elliptic operator given by
For any Hölder continuous function q : Q T → R and a continuous function
is the unique classical solution, i.e. u ∈ C
See the books [13] , [16] , [18] . Here G(x, t; y, s) is Green's function corresponding to the linear homogeneous problem. We have the following maximum principle ( see [18] ).
The following result plays an important role in our discussion.
Lemma 1.2 ([11, page 631 ]) There exist a positive function φ on Ω and a constant γ > 0 such that for any B > 0 and c(x, t)
Remark. φ (x) = 1 + e R − e x 1 with R ≥ |x 1 | .
Decay of solutions of (1)
First, we consider the following problem
Theorem 2.1 Assume that there exists
Then any solution u of (4) satisfies
Proof. Let
We show that v(x, t) ≤ 0 for all (x, t) ∈ Q T . We have
Next, we apply Lemma 1.2 to the problem
Theorem 2.2 Assume that k : Q T × R → R is continuous and there exists
Combining the two above results we see that there exists M = max(M f , M k ) and γ = min(α, η) such that any solution u of (1) will satisfy
General Problem
In this section we shall assume that
Then f is continuous in (x, t) and
Define a sequence (u n ) n≥0 by u 0 = 0 and for n ≥ 1
k(x, t, u n−1 (x, t))dt, x ∈ Ω. We proceed as in [11] to show that the sequence (u n ) n≥0 is a Cauchy sequence. Then u = lim n→∞ u n .is a solution of (6) and |u (x, t)| ≤ Mφ (x) e −γt for (x, t) ∈ Q ∞ .
Moreover, it can be shown, see [20, Lemma 2 page 92] or [8] , that u → u in C(Q T ) and f (x, t, u ) → w in L 2 (Q T ) as → 0. Hence, w ∈ L ∞ (Q T ) and w(x, t) ∈ F (x, t, u), for almost all (x, t) ∈ Q T . Therefore u is a solution of (2), and consequently of (1). Moreover, it satisfies the decay property |u(x, t)| ≤ Mφ (x) e −γt for (x, t) ∈ Q ∞ .
